Exactly-solvable model of the linear singular oscillator in the relativistic configurational space is considered. We have found wavefunctions and energy spectrum for the model under study. It is shown that they have correct non-relativistic limits.
Introduction
In the framework of the non-relativistic quantum mechanics Refs. [1] [2] [3] [4] [5] studied in detail the linear singular oscillator, which is described in the configuration representation by the Hamiltonian
(1.1)
The singular oscillator, being one of the rare exactly solvable problems in the nonrelativistic quantum mechanics has been extensively used in many applications. There are a lot of quantum mechanical and quantum field theory problems leading to the solution of the Schrödinger equation with Hamiltonian (1.1). For example, it served as an initial point in constructing exactly solvable models of interacting N-body systems [2] . It was also used for the modeling of the diatomic [6] and polyatomic [7] molecules. The interest to the given Hamiltonian recently has increased in connection with its use for the description of spin chains [8] , quantum Hall effect [9] , fractional statistics and anyons [10] .
In the case of a constant frequency ω, a complete set of orthonormalized eigenfunctions of Hamiltonian (1.1) in the interval 0 < x < ∞ can be choosen in the form (see, for example [4] )
where d = 1 2 + 1 + 8mg 2 , and L d n (y) are the associated Laguerre polynomials. The corresponding eigenvalues of H N (1.1) have the form E nonrel n = ω(2n + d + 1), n = 0, 1, 2, 3, . . . .
(1.
3)
The purpose of this paper is to construct and investigate a relativistic exactly solvable model of the quantum linear singular oscillator (1.1). Our construction is based on the version of the relativistic quantum mechanics, which was developed in several papers [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Although this version of the relativistic quantum mechanics is closely analogous to the non-relativistic quantum mechanics, its essential characteristic is that the relative motion wavefunction satisfies a finite-difference equation with the step equal to the Compton wavelength of the particle, λ = /mc. For example, in the case of a local quasipotential of interaction V ( r; E) the equation for the wavefunction of two scalar particles with equal masses has the form
where the finite-difference operator H 0 is a relativistic free Hamiltonian
5)
and L 2 is the square of the angular momentum operator and ∂ r ≡ ∂ ∂r . The space of vectors r is called the relativistic configurational space or r-space. The consept of relativistic configurational r-space is introduced in the following way [11] . The mass shell p 0 2 − p 2 = m 2 c 2 of a particle of mass m from the geometrical point of view realizes the Lobachevsky space, whose group of motions is the Lorentz group SO(3, 1). The eigenfunctions of the corresponding Casimir operator in this space
are the generating functions for the matrix elements of the principal series for the unitary irreducible representations of the SO(3, 1) group and form a complete orthogonal system of functions in the momentum Lobachevsky space. The Fourier transformation of functions (1.6) [22] is used to pass to the relativistic r space, introduced as a threedimensional set of variables r = r n, where r is an eigenvalue of the Casimir operator
In the non-relativistic limit we come to the usual three-dimensional configurational space and relativistic "plane wave" (1.6) goes into the Euclidean plane wave, i.e. lim c→∞ ξ ( p, r) = e i p r/ .
(1.8)
Note that all the important exactly solvable cases of non-relativistic quantum mechanics (potential well, Coulomb potential, harmonic oscillator) are exactly solvable for case (1.4), too.
Relativistic Quantum Mechanics: The One-Dimensional Case
In the one-dimensional case the relativistic plane wave takes the form [15] 
or, in hyperpolar coordinates
where χ = ln p 0 +p mc is the rapidity. The one-dimensional plane waves obey the completness and orthogonality conditions 1 2πλ
where dΩ p = dp p 0 = dχ is the invariant volume element in the one-dimensional Lobachevsky space.
The free Hamiltonian and momentum operators are finite-difference operatorŝ
Plane wave (2.1) obeys the free relativistic finite-difference Schrödinger equation
The Finite-Difference Relativistic Model of the Linear Singular Oscillator
We consider a model of the relativistic linear singular oscillator, which corresponds to the following interaction potential
It is to be emphasized that potential (3.1) possesses the correct non-relativistic limit, i.e.
A relativistic singular oscillator is described by the following finite-difference equation
with the boundary conditions for the wavefunction ψ(0) = 0 and ψ(∞) = 0. We shall confine ourselves to the interval 0 ≤ x < ∞.
In the dimensionless variable ρ = x λ and parameters ω 0 = ω mc 2 , g 0 = mg 2 equation (3.2) takes the form:
where ρ (2) = ρ(ρ + i).
To solve equation (3.3) we choose ψ(ρ) as
where α and ν are arbitrary constant parameters, which will be defined below. The functions
are connected with the behaviour of the wavefunction ψ(ρ) at points ρ = 0 and ρ = ∞, respectively. Inserting (3.4) into (3.3), we obtain:
where ǫ = E/ ω is the dimensionless energy. Now we choose constant parameters α and ν in such a way, that they satisfy the following relation:
Hence we get
Then the function Ω(ρ) will satisfy the difference equation
By substitution in (3.9) of the Ω(ρ) function expansion as following power series
one finds that the coefficients at odd degrees of iρ become zero (i.e., all e 2k+1 = 0, k = 0, 1, 2, 3, . . .), but the coefficients at even degrees of iρ satisfy following recurrence relation:
where C m n are the binomial coefficients. From (3.11) it follows that the power series (3.10) will be terminated at the term e 2n (iρ) 2n if condition ǫ ≡ ǫ n = 2n + α + ν, n = 0, 1, 2, 3, . . . holds. This gives following quantization rule for the energy spectrum for relativistic singular oscillator (3.1): E n = ωǫ n = ω(2n + α + ν), n = 0, 1, 2, 3, . . . . (3.12) Hence in the case of (3.12) solutions of Eq. (3.9) coincide with the continuous dual Hahn polynomials
where (a) n = a(a + 1) · · · (a + n − 1) = Γ(a + n)/Γ(a) is the Pochammer symbol. Continuous dual Hahn polynomials (3.14) satisfy the three-term recurrence relation [23] A n + C n − a 2 − x 2 S n x 2 = A nSn+1
where A n = (n + a + b)(n + a + c), C n = n(n + b + c − 1) and
S n x 2 = S n (x 2 ; a, b, c) (a + b) n (a + c) n .
Hence normalized wavefunctions for the stationary states of the relativistic singular linear oscillator have the following form:
Wavefunctions (3.16) are orthonormalized as follows:
One can verify that the difference Hamiltonian of equation (3.2)
may be factorized in terms of the operators, having the form
Using a − and a + , one can construct a dynamical symmetry algebra of the relativistic linear oscillator (3.2) .
Since the parameter µ = mc 2 ω → ∞ when c → ∞, by using (A.1) it is easy to show that in the limit case, when the velocity of the light tends to ∞, wavefunctions (3.16) coincide with wavefunctions (1.2) of the non-relativistic linear singular oscillator.
Energy spectrum (3.12) also has a correct non-relativistic limit, i.e.
By the use of (A.2) it can be shown that, in the g → 0 limit, eigenfunctions (3.16) and eigenvalues (3.12) go over into the "antisymmetrical" eigenfunctions and eigenvalues of the relativistic linear harmonic oscillator, considered in [15] :
E relosc n = ω (2n + 1 + ν ′ ) , n = 0, 1, 2, 3, . . . .
Here P ν ′ n (ρ; ϕ) are the Meixner-Pollaczek polynomials and
Conclusion
In this paper we construct a relativistic model of the linear singular oscillator and explicitly solve the corresponding finite-difference equation. We determine eigenvalues and eigenfunctions of the problem. They have correct non-relativistic limits. As in the non-relativistic case [2] , the simplicity of the obtained energy spectrum suggests that a solution by group-theoretical methods should also be possible.
Appendix A.
Here we present some formulas for continuous dual Hahn Polynomials (3.14) used in the text. 1. From the recurrence relation for the continuous dual Hahn polynomials (3.15), it can be shown that the following limit to the Laguerre polynomials holds: lim µ→∞ 1 n!µ n S n zµ; a, b,
where a 0 = lim µ→∞ a and lim
2. It can be shown that, in some particular cases continuous dual Hahn polynomials coincide with the Meixner-Pollaczek polynomials, i.e. Comparing coefficients, for example, for x 2n+1 in the left-hand and right-hand sides of (A.6) we find that, N n = (−1) n 2 2n+1 (2n + 1)! .
